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Abstract. Equations for steady plane flows of non-Newtonian electrically conducting fluids of finite and infinite
electrical conductivity are recast in the hodograph plane by using the Legendre transform function of the
stream-function when the magnetic field is normal to the flow plane. Four examples are worked out to illustrate
the developed theory. Solutions and geometries for these examples are determined.

1. Introduction

This paper deals with the application of the hodograph transformation for solving a system
of non-linear partial differential equations governing steady plane incompressible flow of an
electrically conducting second-grade fluid in the presence of a transverse magnetic field.
Equations governing second grade or order [1, 2] fluids are, in general, of third order, as
compared to the second-order Navier-Stokes equations and, therefore, application of the
hodograph transformation to these flows is a credit to this transformation technique.
W.F. Ames [3] has given an excellent survey of this method together with its applications to
various other fields. Recently, Siddiqui et al. [4] used the hodograph and Legendre trans-
formations to study electrically non-conducting plane steady non-Newtonian fluid flows.
Also, M.K. Swaminathan et al. [5] applied this approach to transverse MHD Newtonian
fluid flows. Since electrical conductivity is finite for most liquid metals and it is also finite for
other electrically conducting second-grade fluids to which single-fluid models can be applied,
our accounting for finite electrical conductivity makes the flow problem realistic and attrac-
tive from both a mathematical and a physical point of view. We have also included
electrically conducting second-grade fluids of infinite electrical conductivity to make a
thorough hodographic study of these fluid flows and to recognize the dawn of super-
conductivity in science.

The plan of this paper is as follows: in Sections 2 and 3, following the reformulation
of the flow equations for transverse plane flows into a convenient form by using M.H.
Martin’s [6] perceptive idea of reducing the order of the governing equations the flow
equations are transformed to the hodograph plane so that the role of the independent
variables x, y and the dependent variables u, v (the two components of the velocity vector
field) is interchanged. We introduce a Legendre-transform function of the streamfunction
and recast all our equations in the hodograph plane in terms of this transformed function
in Section 4. The equation that this function must satisfy is then determined and the resuits
are stated in the form of Theorems I and II. Section 5 is devoted to four applications of this
approach.
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2. Equations of motion

The flow of a homogeneous electrically conducting incompressible second-grade fluid, in the
presence of a magnetic field, is governed by

divV = 0, 1)
oV = divT + p*(curl H) x H, )
M _ (v x H) + v, 3)
ot u*o

divH = 0 “4)

and the constitutive equation for the Cauchy stress T,
T = —pl + pA, + 0, A, + a,AL.

Here V is the velocity field vector, H the magnetic vector field, p the dynamic pressure
function, ¢ the constant fluid field density, u the coefficient of dynamic viscosity, u* the
constant magnetic permeability, ¢ the electrical conductivity, and «,, «, are the normal stress
moduli. The Rivlin-Ericksen tensors A, and A, are defined as

Al = VW + (W), Ay = A + (VV)A) + A(VY).

Equations (1) to (3) form a system of seven equations in seven unknowns V, H and p. Equation
(4) is an additional condition on H expressing the absence of magnetic poles in the flow.

Steady plane transverse flow

A steady plane flow in the (x, y) plane is said to be a transverse flow if the magnetic field
vector is perpendicular to the (x, y) plane which contains the fluid flow vector field and all
the flow variables are functions of x and y. Considering our flow to be steady plane
transverse flow, we take V = (u(x, y), v(x, y), 0), H = (0, 0, H(x, y)) and 8/0z = 0.

Introducing the two-dimensional vorticity function w(x, y) and a generalized energy
function e(x, y) defined by

Jv ou
o(x,y) = x 5;,
H2
ex,y) = 3¢ — 0, (uVu + vV’v) — 18, + 20,)|A P + p + p* — (5)

2

where ¢* = * + v2, V2 = #*/0x* + &*/dy’ and

ou\? ov'\ ou v\
2 —_ —_ —_— —_—
A = 4<6x) +4<6y> +2(ay+ax>,
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and introducing the definiton of V and H into the above system of equations, we obtain the
system

a_“ + 6_v = 0, (continuity)
ox Oy
Oe = w — I AR
> = e i s
(linear momentum)
e ow )
3 —ouw + Mo~ o uVo, (©)
0H 0H *H &*H o s
u— 4+ o 5}7 — vy <E\2— + a—y2> = 0, (diffusion)
v _ou _ (vorticity)
x o @ y

where v, = (u*o)~!, of five partial differential equations in five unknown functions u, v, @,
H and e as functions of x, y. Once a solution for these is found, the pressure function is
determined from the expression for e(x, y) given in (5). This system of equations governs
steady plane transverse flows of an incompressible second-grade fluid of finite electrical
conductivity. For the motion of a second-grade fluid of infinite electrical conductivity,
we only replace the diffusion equation in the above system of equations by w(0H/dx) +
v(0H/[0y) = 0 since v, — 0 for such fluid flows.

3. Equations in the hodograph plane

Letting the flow variables u(x, y), v(x, y) be such that, in the region of flow, the Jacobian

o(u, v)
a(x, y)

J(x,y) = #0, 0<|J] < oo, 0

we may consider x and y as functions of # and v. By means of x = x(u, v), y = y(u, v), we
derive the following relations:

ou 0y Ou ox 0dv gy odv _  Ox
=" 'ws - Tma Twys ®

We also obtain the relations

ox  ax,y) T owv) oy wmv) - o v) ©)

og _ 0gy) _ Ja(g, y) og _  0@gx) _ Jﬁ(x, g)
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where g = g(x, y) = g(x(u, v), y(u, v)) = g(u, v) is any continuously differentiable func-

tion and

J = Jx,y) =

ou, v) [6(x, »)

-1
oy Lo v)] = Je o)

(10)

Using these transformation relations for the first-order partial derivatives appearing in

system (6) and the transformation equations for the functions w, H, e, defined by

(x, y) = (u(x(u, ), y(“? ’U)) = w(u, ),
H(x,y) = H(x(u, v), (u,v)) = H(u, v),

e(xa y) = e(x(u, 'U), y(us ’U)) = e(ua 'U),

the system (6) is transformed into the following system in the (¥, v) plane:

ox oy

ww

oe,y) ax, Iwy) . A(Iw,, y)]
Voo = 0 A “‘”"[ dwo) T dmo) |’

3 a(x, €) o(x, Jwy) | o(Iw,, y)

= — ouw + pIw, + a,uJ[

o(u, v) o(u, v) o(u, v)

uGl + 'UG2 _ VH [a(JGla J’) a(xs JGZ):I — O,

o(u, v) o(u, v)

J(xv - yu) = ,

where
a(x, Ao,
A R
o(H, y) _ _ d(x, H)
G = G v = m, , = Gu,v) = o)

|

(1D

(12)

(13)

(14)

(15)

(16)

System of equations (11) to (15) is a system of five equations for the five unknown functions
x, y, o, H, e of u, v, when J, w,, w,, G, and G, are eliminated using (10) and (16). Once a
solution x = x(u, v), y = ¥(u, v), ® = o, v), H = H(u, v), e = e(u, v) is obtained, we
are lead to the solutions ¥ = u(x, y), v = v(x, y) and therefore @ = w(u(x, y), v(x, y)) =
o(x, y), H = H(u(x, y), v(x, y)) = H(x, y), e = e@u(x, y), v(x, y)) = e(x, y) for the system
of equations (6) governing the finitely conducting flow. The above analysis also holds true
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for infinitely conducting second-grade fluid flows. However, for these flows, the diffusion
equation is replaced by uG, + vG, = 0.

4. Equations for the Legendre transform function and H(u, v)

The equation of continuity implies the existence of a streamfunction ¥(x, y) such that

dy = — vdx + udy or 6_:{ = —v, % = u

i a7

Likewise, equation (11) implies the existence of a function L(u, v), called the Legendre
transform function of the streamfunction y(x, ), so that

oL oL
dL = —ydu + xdv or F i (18)

and the two functions ¥(x, y), L(u, v) are related by
Lu,v) = vx — uy + y(x, y). (19)

Introducing L(u, v) into the system (11)-(15), with J, w,, w,, G,, G, given by (10),
(16) respectively, it follows that (11) is identically satisfied and the system may be replaced

by
0 a—L, e 0 a—L, Jw, 0 a—L, Jw,
3 T e — pdw, — aypd| 2 4 ou (20)
ou, v) ev HIWy 1 o(u, v) o(u, v) ’
J 6_L’ e J 6_L’ Jw, 0 a—L, Jw, |
I i — pdw, + agud | 2 4o 21)
Gwo) - owe — Hw ol | —oo o | (
(Losa) o(2se)
UGy + 06y = vy| =gt — s = o, 22)

&L d0’L
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where now
y - [PLIL_(FLY]
| 8 0 oudv ’
0 a—L,w 0 a—L,w
W = dv _ du 24)
YT TSm0 T Tam o)
o(% n o(%E u
G = du G — ov
YT vy T duv)

for four unknown functions L(u, v), w(u, v), H(u, v) and e(u, v) after eliminating J, w,, w,,
G, and G,.
By using the integrability condition

0 6_L e) 0 6_L
szdﬂgﬂ W)_J@gdmzﬁ wﬁ
Ooudv dv ov? du (u, v) - out dv Oudv du ou,v) )’
i.e., 0*e/0xdy = 0%e/0y0dx in the (x, y)-plane, we eliminate e(u, v) from (20), (21) and obtain

oL oL

o(u, v) + o(u, v)

0 (%5—, J{a <?)_5’ le)/a(u, v) + 0 <g—§, Jw2>/6(u, v)}

+ o | v

ou, v)
0 <g—§, J {6 (%%, Jw,)/a(u, v) + 0 <%i—', Jw2>/6(u, v)} B
+ u o, 0) = o(uw, + vw))
(25)

where J, w,, w, are given in (24). Summing up, we have the following theorem:

THEOREM 1. If L(u, v) is the Legendre transform function of a stream-function of steady, plane,
transverse, incompressible, finitely conducting second-grade fluid flows and H(u, v) is the
transformed magnetic field vector component function, then L(u, v) and H(u, v) must satisfy
equations (25) and (22) where w(u, v), J(u, v), w, (4, v), w,(u, v), G, (u, v), G,(u, v) are given
by (23), (24).
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If the fluid has infinite electrical conductivity, then the transformed diffusion equation
becomes

uGl + sz = 0 (26)
where G,, G, are given in (24). Hence, we have the following theorem.

THEOREM I1. If L(u, v) is the Legendre transform function of a stream-function of steady, plane,
transverse, incompressible, infinitely conducting fluid flows and H(u, v) is the transformed
magnetic field vector component function, then L(u, v), H(u, v) must satisfy equations (25) and
(26), where w(u, v), J(u, v), w,(u, v), w,(u, v), G,(u, v), G,(u, v) are given by (23), (24).

Once a solution L(u, v), H(u, v) is found, for which J evaluated from (24) satisfies 0 <
|J| < oo, the solutions for the velocity components are obtained by solving equation (18)
simultaneously. Once the velocity components ¥ = u(x, y), v = v(x, y) are obtained, we
have H(x, y) in the physical plane from the solution for H(x, v) in the hodograph plane. We
then determine the vorticity and the energy function by using V(x, y) in the definition of
vorticity and the linear momentum equations in system (6), respectively. Finally, the pressure
function is obtained from the expression for e(x, y).

We now develop the flow equations in polar coordinates in the hodograph plane. Defining

u+iv = ge 27N
we get the following transformations:

a_cosei_sinei i_sinei_*_cos()a
ou dq qg 00" dv oq q 06’
oF, G) _ OF* G*) g, 6 _ 14F* G*)
o(u, v) 0(q, 0) 0u,v) q d@4g,0)

where F(u, v) = F*(q, 0), G(u, v) = G*(q, 6) are continuously differentiable functions. On
using these relations, and regarding (g, 6) as new independent variables, the expressions for
J, o, w,, w,, G;, G, in the (g, 6) plane take the form

L 8L aL* L oL* L\
1 ["2 oF ("W* 662>‘<a_6“’aqae>] ’
0*L* 1 PL* 1 0L*
* — J* = =

(28)

J*(g, 0)

* *
o (sinp 2Lt | oSO,
Wi, 0) = - %4 %
1 ) q a(q’ 0) >
* 3 *
1a(coseaai — ___smeaaie’ )
wig, 0) = - 4 __ 4
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* ; ‘AT %
6(cos(:7ai — _smoai H*)

1 oq qg 06’
G* ’ 0 = - 5
@6 =3 5.0
* *
@ (sin 0 aaiq + C—OZ ‘ %Lg— H*)
Grg, 0) = - , 29

Equations (25) and (22) are transformed to the (g, 0) plane as

. o OL* ~cos@oL* .
6<smﬂﬁ+——q—w,] x)

ux* + o, | sin 6

(g, 6)
* ] *
0 (cos 0 %L— _ v b aaie, J"‘x*)
+ cos 0 e gq) = pg(cos Ow¥ + sin Ow}), (30)

oL* sin 8 L*

v a(COSOE—TFg—,J*GI*>
cos 0G¥* + sin 6G¥) — £
cos 061 D % 0)

* *
d <sin 0 % + ——CO;‘ ° aaiq, J*G;)
+ %6 = o, 31)

where y* is defined as

* *
o (sin gL 0017 J*w*)

1 oq g 00 !
*qg,0) = -
@ =2 5. )
* 1 *
3} cos()ai—ﬂai,.l*w;‘
+ g __q 06 (32)
a(q, 0) ’

Having developed the above transformations, we state the following corollaries which
respectively follow from Theorem I and II.

CorOLLARY 1. If L*(q, 0) and H*(q, 8) are the Legendre transform function of a streamfunction
and the magnetic field vector component function, respectively, of the equations governing
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the motion of steady plane transverse flows of incompressible finitely conducting second-grade
Afluids, then L*(q, 6) and H*(q, 0) must satisfy equations (30) and (31) where J*, w*, wf, w¥,
G¥, G¥, x* are given by (29) and (32).

COROLLARY 11. If L*(q, 0) and H*(q, 0) are the Legendre transform function of a stream-
function and the magnetic field vector component function, respectively, of the equations

governing the motion of steady plane transverse flows of incompressible infinitely conducting
second-grade fluids, then L*(q, 6) and H*(q, 0) must satisfy equations (30) and

cos 6G¥ + sin 6GF¥ = 0 33)
where J*, w*, w¥, w¥, G¥, G¥, x* are given by (29) and (32).
Once a solution L*(q, #), H*(g, 8) is known, we employ the relations

. O0L* cos @ dL* sin 8 oL* oL*
X = 51n0—5q—+T——aF, y = TW—COSGTq (34)

and (27) to obtain the velocity components ¥ = u(x, y), v = v(x, y) in the physical plane.
Having obtained the velocity components, we get H(x, y) in the x, y plane from H*(q, 6). The
other flow variables are then determined by using the flow equations in the physical plane.

5. Applications

In this section, we consider some of the flow problems as applications of Theorems I and 11
and Corollaries I and II.

Application 1

Let
L(u, v) = Au’ + B (3%)

be the Legendre transform function, where 4, B are arbitrary constants and 4, B are
non-zero. Using (35) in equations (23), (24), we obtain

1 A+ B JcH JH
J = m, o = MT, W, = W, = 0, Gl = 24 %, G2 = —2B E
(36)

We now consider the finitely conducting and the infinitely conducting case separately by
applying Theorem I and II, respectively.
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Finitely conducting fluid

Employing (35), (36) in equations (25) and (22), we find that (25) is identically satisfied and
H(u, v) must satisfy

udH v JH 1 #H 1 #H

R R e ] IR 7

Assuming H(u, v) = F(u) + G(v) to be the form of a possible solution for H(x, v), we find
that (37) becomes

u _, v, 1 . 1 . _
EG(v)_ZF(u)—vHI:2_BZG(v)+ﬂF(u)] = (. (38)

Differentiating twice with respect to u, we get

F’”(u) vH ',v) _

The above equation holds true for all v if

1 " — v_H ) _
S F"w = 0, L F9@ = o. (39)

Therefore, we have
C] 2
Fu) = Sw Gu + G,

where C,, C,, C; are arbitrary constants.
Using F(u) so obtained in equation (38), we find that G(v) must satisfy

G Co C, vy vy C,
— — — — — — ” ——— — 0.
{B A}“ {Av+2BZG oz

This equation holds true for all u if

g_:_@ =0, 9v+_v_H_G”+VHC1

21 =0 40
B A A 2B’ 247 (40)

Solving equations (40), we obtain

Gw) = —Cv*+C,, C, =0 and 4 = —B.
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Therefore, we have
2 : G
Lu,v) = AW — v*), Hu,v) = 7(u2 — ) + C;

where C; = C; + C,.
Using L(u, v) = AW — ¢*) in (18) and solving the resulting equations simultaneously,
we get

V= o) = <_ L,_%) @1)

Employing (41) in the solution for H(u, »), we obtain

C

H(x,y) = 3L

(3 — X)) + Cs. (42)

Using @ = 0, equation (41) in the linear momentum equations in system (6) and inte-
grating, we obtain e(x, y). Employing this solution for e(x, y) and (41) in (5), the pressure
function is determined to be

- _ e 2 3_.°‘__l + 2% — ”_* ﬂ — ’ 43
P(X,,V) - C6 8A2(~x2+y)+ 2A2 2 8A2(y2 x2)+C5 ( )
where C, is constant.

Infinitely conducting fluid

Employing (35), (36) in equations (25), (26), equation (25) is identically satisfied and (26)
takes the form

- - = = 0. 44
A solution for H(u, v) is

(45)

Hu,v) = ¢ (M)

2

where ¢ is an arbitrary function of its argument.
Using L(u, v) = Auw? + B7* in (18) and solving simultaneously for u, v, we get

V = o) = (- %,2"—3) (46)
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Following the same procedure as in finitely conducting fluid flow, we obtain

2
H(x, y) = ¢<§ +$) @7
and
e ¥ ¥ 30, + 20, (A — B\* p* 2\
P ) = m[z+§]+ g ( 4B > ‘7[‘/’(@%2)] + G
(48)

where C, is an arbitrary constant.
Summing up, we have the following theorems:

THEOREM IIL. If L(u, v) = A(u* — v?) is the Legendre transform function of a streamfunction
for a steady, plane, transverse, incompressible, finitely conducting second-grade fluid flow, then
the flow in the physical plane is a flow with hyperbolic streamlines with flow variables given by
41 to (43).

THEOREM IV. If L(u, v) = Auw’> + Bv’ is the Legendre transform function of a stream-
function for a steady, plane, transverse, incompressible, infinitely conducting second-grade
fluid flow, then the flow in the physical plane is a flow with flow variables given by (46) to (48)
having

x2 + y2 = constant
4B ' 44

as its streamdlines.

Application 11

We let
L(u,v) = Auwv + B> + Cu + D (49)

to be the Legendre transform function, where 4, B, C, D are arbitrary constants and 4 # 0.
Evaluating J, o, w,, w,, G, and G,, by using (49) in equations (23), (24), we have

1 2B JH JH JH
J= -, o= - w, = w, =0, G,—2B—a;—va, GZ—A%.

(50)
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Finitely conducting fluid

Using (49), (50) in equations (25) and (22), we find that (25) is identically satisfied and
H(u, v) must satisfy

JH JH ’H 4B*\ 0*H 4B 0°H
[ZBu+Av]‘é;—Au—é;+v"|:W+<l+7>_67_75—u—6—7;:| = 0 (62}

A solution for H(u, v) satisfying (51) is obtained to be

A
Hu, v) = D, jexp [Z_v_ uz] du + D,
H

where D,, D, are arbitrary constants.
Proceeding as in Application I, we get

X 2B C
V = (u,v) = (Z’_<7x+§+;i>)’

D i
H(x, y) —I'Iexp [ZAv xz]dx + D,, (52)
H

A® + B?

C
Py = =5 @+ — Loy + 6m + 4) T

p* | D, x ’
3 I:Afexp[zAVH:Idx+D2] + D,

where D, is an arbitrary constant.

Infinitely conducting fluid

In this case, only the diffusion equation is replaced by

oH Aua—l-I = Q.

B —
(2Bu + Av) £ E»

Solving this equation, we obtain
Hu, v) = ¢(B + Auv)

where ¢ is an arbitrary function of its argument.
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We proceed as before and obtain

x 2B C
V= (v = (Z’_<Tx+%+2>>’

H(x,y) = ¢<xy + -gxz + Cx)

and
0 oC A* + B
Pxy) = — 55 @+ = Loyt 6+ da) T
* B 2
- ”7 [¢<xy + sz + Cx>:| + D, (53)

where D, is an arbitrary constant.
Summing up, we have the following theorem:

THEOREM V. If L(u, v) = Auv + Bu* + Cu + D is the Legendre transform function of a
streamfunction for a steady, plane, transverse, incompressible, finitely conducting second-grade
Sluid flow, then the flow in the physical is given by equation (52) with (x/A)(y + Bx/A + C) =
constant as its streamlines.

THEOREM V1. If L(u, v) = Auv + Bw* + Cu + D is the Legendre transform function of a
streamfunction for a steady, plane, transverse, incompressible, infinitely conducting second-
grade fluid flow, then the flow in the physical plane is given by equations (53) with (x/A)(y +
Bx/A + C) = constant as its streamlines.

Application 11T
Let
L*(q,0) = F(g, F(q) #0, F'(q) #0. (54)

Employing (54) in equations (29) to evaluate J*, o*, w¥, w¥, G¥, G}, x and y, we obtain

J* = q C o* = qF"(q) +/F '(fI),
F'(@)F"(g) F(q9)F"(q)
1 1 ., .
wf = — 5(0*’ cos O0F'(q), w} = 50’* sin 0F"(q),
* OH*
Gr = lI:cos 0F"(q) oH + sin 0F'(q) H :I, (55)
p a0 9
1 OH* OH*
* _ : ” _ ’
G} p [sm OF"(q) —5= — cos 6F'(q) — 7 ]

x = F(@sinf, y = —F(q)cos?.
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We now study finitely conducting fluid flow and infinitely conducting fluid flow as
applications of Corollaries I and II.

Finitely conducting fluid

Employing (54), (55) in equations (30) and (31), we find that F(g) and H*(q, ) must satisfy

v 4 Flg) [ o ] 0 (56)
ot + F@|m=]| = 0,
PN F@
L OH* v, . TerrE . , -
K, 30 —q— [cos OF, (J*G), + sin OF (q)(J*G}),

+ sin OF,(J*G?), — cos OF (9)(J*G¥),] = O, 57

so that F(q) is the Legendre transform function of a streamfunction.
Since equation (56) is identically satisfied when w* = 0 and can be rewritten as

A i C) i C)
o T Flg F(Q

0 (58)

when o* # 0, it follows that we have to deal separately with L*(q, §) = F(q) having
variable vorticity and L*(q, #) = F(gq) having constant vorticity.

Case 1. (Variable vorticity). By the expressions for x and y in (55), we get

r= J2 ¥ = +F(), gg - +F). (59)

We integrate (58) twice with respect to ¢, and obtain
o* = E n|F(g)l + E (60)

where E, and E, are arbitrary constants.
Substituting for w* given in (55) into (60), we have

d
q+ rd—‘: = +[Erinr + E), (61)

since F”(q) # 0 and, therefore, dr/dg = (dg/dr)~'.
Integrating (61), we get

B E, 2E, — E, E,
q9 = i[zrlnr+<——4 r+ . (62)

where E, is an arbitrary constant.
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Using (59), (62) in equation (34) and making use of the definitions ¥ = gcos 0, v =
g sin § and @ = dv/0x — Ou/dy, we get

u(x,y) = —y[%ln o+ )+ <2E24_ El) + xzijz:l,
v(x, y) = x[% In 02 + %) + (2E24_ E‘) + xzf_’yz], (63)

ax,y) = £;—lln o+ y) + E,.

Transforming the diffusion equation (57) back to the (x, y)-plane, we find that H(x, y)
must satisfy

E, .. (2E, — E, E, oH  0H
[4"‘"‘2””( 7 ) x2+y2]< yax)

*H OH
_y, (W + W) - o (64)

A solution for H(x, y) is found to be

2
H(x,y) = E,In (xz “ZL 4 ) + E, (65)

where E,, E; are arbitrary constants.
Using (63) in the linear momentum equations of system (6) and integrating, we get e(x, »).
Using this solution for e(x, y) and (65) in (5), the pressure function is determined to be

o) = LE|E +—(x2+y2)] ln (2 + )F

+ g FEzEg _ E1E3 <E1E24 >(x2 + y ):I In (x2 4 y)

i 2

o E | SE} » _ 0E o
+4_2+ e~ EE | +) -5+ )
B L (x E ., 2E, — E, E,

uE, tan (y>+a1El[4ln(x +y2)+< 2 +x2+y2
R AR 4E}  EE,

2 o2+ ¥4y 2+

* v 2 2

—%I:E4ln< ;y>+E5:| + E, (66)

where E; is arbitrary constant.
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Case 2. (Constant vorticity). Using w* = o, = constant in the expression for w* given in
(55), we get

qF"(q) + F'(q) — o F'(9)F'(q) = 0. (67)
We integrate equation (67) with respect to g and obtain
oy F?(q) — 2qF(q) + 2E;, = 0 (68)

where E, is an arbitrary constant.
Employing F’(q) given by (59) in equation (68) and solving for ¢, we have

q=i[% e SN B ] (69)

N

Proceeding as in the variable vorticity case, we obtain

o = [+ 22w = [P (70)
H(x,y) = E,In (xz ’; y2> + E, (1)
p(x,y) = [ @@+ ) + 20 (2 + )7 - 2(;1 o "’"f’]
(6o, + 4)E7  p* +
CES; _T[E‘ln< )”LES} th 7

where E; is an arbitrary constant.
Infinitely conducting fluid
In this case, the transformed diffusion equation reduces to

OH*

30 = 0.

Therefore, we have

H(g, 0) = ¢(9)
where ¢ is an arbitrary function of its argument. In the (x, y)-plane, we have
Hx,y) = ¢() (73)

where ¢ is given by (62) for L*(q, 6) = F(gq) having variable vorticity and g is given by (69)
for L*(q, 6) = F(q) having constant vorticity.
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Therefore, we obtain the flow variables as follows:

(i) Variable vorticity
u(x, y), v(x, ), o(x, ), H(x, y) are given by (63), (73) and

pxy) = EE B+ 204 e +
+§:E2E3 ~a5 (E'E24 >(x2 +y)]1n(x2 + 5)
+§:E722+57El2“ ElEz](x2 + ) - QE’(x2 + )
— pE, tan~! G) + o E, [% In (2 + ) + (2E24— E‘) + xzf:yz]
¢t [E— B xf‘f}z] ~L@r+ 5 0

where g is given by (62) and E, is an arbitrary constant.

(ii) Constant vorticity
u(x, ), v(x, y), o(x, y), H(x, y) are given by (70) and (73) and

y 2, Dk 2 E7 @k
) = @[?("”y”T‘“(xz”)‘z(xuf)‘ 2 ]
60, + d0)E] gt
Cot2IE — L @r + B s)

where g is given by (69) and E, is an arbitrary constant. Summing up, we have the following
theorems:

THEOREM VII. If L*(q, 0) = F(q) is the Legendre transform function of a streamfunction for
a steady, plane, transverse, incompressible, finitely conducting second-grade fluid flow, then the
flow in the physical plane is

(a) given by equations (63), (65) and (66) with

(x2+y2)[ lin (2 + ) + 2 ~ E']+%ln(x2+y2) = constant

as its streamlines, when vorticity is not a constant;
(b) given by equations (70) to (72) having

o,( + y*) + 2E;In (> + )*) = constant

as its streamlines, when vorticity is a constant.
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THEOREM VIII. If L*(q, 8) = F(q) is the Legendre transform function of a streamfunction for
a steady, plane, transverse, incompressible, infinitely conducting second-grade fluid flow, then
the flow in the physical plane is

(a) given by equations (63), (73), (74) with

E,

(x2+y2)|:?ln(x2+y2)+

E, — E,
4

] + %ln o + y*) = constant

as its streamlines, when vorticity is not a constant,
(b) given by equations (70), (73), (75) with

@,(x* + y?) + 2E,In (2 + y*) = constant
as its streamlines, when vorticity is a constant.
Application IV
Let
L*(q,0) = A8 + B (76)

be the Legendre transform function, where A, B are arbitrary constants and 4 # 0.
Using (76) in equations (29), we get

J* = ——33, o = w = wf = 0,
1[4 oH* A oH*
GFr = —[— sin 8 —cos 0 ], 77
Y oqld 8 ' q dq ()
1[4 oH* A oOH*
G¥ = —|—=si
3 q[q sin 6 3 5 cos 0 60]

Finitely conducting fluid

Using (76), (77) in equations (30) and (31), we find that (30) is identically satisfied and H*(q,
6) must satisfy

OH*
oq

A
— vy [? sin 8(J*G}), + 1;— cos 0(J*G}),

+ g sin 8(J*Gy), — gz- cos B(J*GZ*)G:I = 0. (78)
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Using L*(q, ) = A8 + B in equations (34) and making use of (27), we obtain

Ay
X+ Yy

ux,y) = » vx,p) = (79)

X2+ P

Transforming (78) back to (x, y)-plane, we have that H(x, y) must satisfy
Ax OH Ay OoH *H 0'H
ma+m$“vﬂ(w+ﬁ =0 (50

Writing (80) in polar coordinates in the (x, y)-plane, we have H(r, 6) satisfying
*H _ AN10H 1 &H
W“L(l ‘);@7*7(3—92 =0 ®1)

Vy

A solution for H(r, 0) satisfying (81) is

62
Hr 0 = M, [— + ¥ r] + M,0 + M, -v;;i "+ M, (82)

2 A

where M,, M,, M,, M, are arbitrary constants.
Employing @ = 0, (79) in the linear momentum equations and integrating we obtain
e(x, ). Therefore, the pressure function is determined from the expression for e(x, y) to be

od? 242
p(r, 0) = M5 —5‘;2_ + (3(11 + 2(12)r—4

* 6
— %[M, <3 + %” In r) + M,0 + M, %” 4 M"} (83)

where M is an arbitrary constant.
Infinitely conducting fluid
In this case, the transformed diffusion equation is replaced by

OH*
A g 0.

Therefore, we get

H*(q,0) = ¢(0)

where ¢ is an arbitrary function of its argument.
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In the (x, y)-plane, we have

i (x
H(x,y) = ¢ (tan (y))

Using L*(g, 6) = A0 + B and proceeding as before, we have

_ _ Ax Ay
V== <x2+y2’x2+y2>
and
— QAZ 2A2 y* _1 y 2
) = M= g + ot 200 2 = B otan ()]

where M, is an arbitrary constant.
Summing up, we have the following theorems:

139

84

(85)

(86)

THEOREM IX. If L*(q, ) = A0 + B is the Legendre transform function of a streamfunction
for a steady, plane, transverse, incompressible, finitely conducting second-grade fluid flow,
then the flow in the physical plane is given by equations (79), (82), (83) having tan~!(x/y) =

constant as its streamlines.

THEOREM X. If L*(q, 0) = A0 + B is the Legendre transform function of a streamfunction
for a steady, plane, transverse, incompressible, infinitely conducting second-grade fluid flow,
then the flow in the physical plane is given by equations (84) to (86) with tan~!(x/y) =

constant as its streamlines.
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